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Abstract

We present both analytical and numerical analyses of fully devdlfipeed convection and entropy generation in a fluid-saturated porous
medium channel bounded by two parallel plates. The flow in the porous material is described by the Darcy—Brinkman momentum equation.
Differentially heated isothermal walls are sefed as thermal boundary conditions. Analytioghressions for velocity, temperature, Nus-
selt number, entropy generation rate, and heat transfer irreversibility are obtained after simplifying and solving the governing differential
equations with reasonable approximations. Subsequent results obtginathbrical calculations show excellent agreement with analytical
results.
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1. Introduction movers. They can provide cooling or heating using envi-
ronmentally benign gases as the working fluid. Despite re-
The study of convection processes in porous media is centdevelopmentsin thermoacoustic engines (see Swift [3]),
a well-developed field of investigation because of its im- there are many areas requiring further investigation in or-
portance to a variety of situations. For example, thermal der to better predict their plrmance and guide future de-
insulation, geothermal system, solid matrix heat exchang- signs for thermoacoustic engines. Any thermoacoustic de-
ers, nuclear waste disposal, microelectronic heat transfervice (system) can be divided into four basic components
equipment, coal and grain storage, petroleum industries, andresonant tube, speaker, heat exchangers, and regenerator or
chemical catalytic beds. The literature on the topic of forced stacks); among them the stack serves as the heart of the
convection and free convection in porous media is well sur- thermoacoustic device. In engines and heat pump, stacks
veyed by Nield and Bejan [1] and Bejan [2]. Another po- are finely subdivided into many parallel channels or pores.
tential application of convection processes in porous media Starting from the single plate, stacks are available in differ-
is found in thermoacoustic prime movers and heat pumpsent sizes and shapes. Multi-patrrays, honeycombs, spiral
(Swift [3]). Our primary goal is to incorporate into the fun-  roles, and pin arrays’ are some example of stacks com-
damental thermoacoustics theory of Swift [3] and Rott [4] monly used in thermoacoustic engines and refrigerators (see
a modification that treats the fluid-gap within stacks of a gt [1]). To improve the themal contact and heat transfer
thermoacoustic engine/refrigerator as porous media. Ther'area, a porous medium (a fine wire mesh made of a mate-
moacoust?c engines are devices V\_/hich make use of the ther'rial with moderate to good thermal conductivity) of mod-
moacoustic phenomena and function as heat pumps or prime, ate permeability may be embedded inside the fluid gap
between two consecutive stacks. Most of the existing the-
~* Corresponding author. ories (of thermoacoustic engines/prime movers) consider a
E-mail addresssmahmud@engmail.uwaterloo.ca (S. Mahmud). non-porous medium and very few of them use a single pore
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Nomenclature

ao inverse of the square root of the Darcy number, Thot temperature of the hotwall .............. °C
=1/+/Da Teold  temperature of the coldwall ............. °C

Cn constants of integratiom = 1, 2, 3, and 4. u dimensionless axial velocity

C, specific heat of the fluid at constant u* axial velocity inside the channel ... .. -sec !
Pressure ..........oeevevnnnn. kglec1 v dimensionless transverse velocity

Da Darcy number= K /w? v* transverse velocity ................. -sect

E energy flux density vector ........... W2 w half widthofachannel.................... n

Ec Eckert number

h convective heat transfer Greek symbols
coefficient .................... wh—2.cCct af thermal diffusivity of the fluid . . .. . . sec!

K permeability of the porous media ......... ’m ¢ porosity of the porous medium

kg thermal conductivity of the fluid Wn—t.cCc~1 m dynamic viscosity of the fluid.......... Rzc

L length of the channel ..................... m v kinematic viscosity of the fluid. ... .. frsec?

Nu Nusselt numbet= hw/k ¢ ] pressure gradient parameter(dp/dx) x Re

p dimensionless pressure 2 dimensionless temperature difference

p* PreSSUIe. .. vttt i Pa ©® dimensionless temperature

Re Reynolds number T dimensionless time

T temperature of thefluid ................. °C P density of the fluid .................. kap—3

(of circular or square cross-section) to model thermoacoustic Brinkman—Forchheimer-extended Darcy momentum equa-
systems. To model a thermoacoustic problem, it is necessarytion and the associated heaarsfer equation for the case
to solve the unsteady-compressible-viscous Navier—Stokesof fully developed flow with uniform heat flux at the bound-
equation at very low Mach number along with the energy aries. Nield et al. [8] theoretally analyzed fully developed
equations in the fluid region and solid walls. Such modeling forced convection in a fluidegurated porous-medium chan-
is one of the most complicated and challenging fluid dynam- nel bounded by parallel plates, with imposed uniform heat
ics problems, to which very few solutions exist. Only a few flux or isothermal conditions at the plates. They included
restricted 1-D cases are known (Rott [4] and Swift [5]). In the non-linear Forchheimer term in the momentum equation
developing a thermoacoustic theory that incorporates porousand reported an exact solution. For a special type of porous
media, a step by step development is required; starting frommedium (packed bed of spheres), Poulikakos and Renken [9]
the simplest possible case (steady-incompressible problemreported a numerical study of convective transport charac-
in porous media), proceeding toet complicated (unsteady- teristics. Subsequent experimental results by Renken and
compressible-conjugate problem in porous media). In this Poulikakos [10] agreed with the predictions of Poulikakos
paper, we only focus on steady-state, incompressible flow inand Renken [9]. Other examples of exact and approximate
porous media bounded by two parallel plates of negligible solutions for the forced convection problem are available in
thickness. The unsteady, compressible, version of this prob-Nakayama et al. [11]. Nield efl. [12,13] selected an analy-
lem with conjugate effects is left for future work. sis method close to the dsical Graetz analysis method
In thermoacoustic devices, stacks are repeated along then order to investigate thermally developing forced convec-
transverse direction of fluid motion. The fluid gap between tion problems in porous media in a parallel-plate channel or
two consecutive stacks is usually kept constant. Two con- circular duct. They assumed a large Péclet number and ne-
secutive stack plates and the fluid gap may be approxi- glected the longitudinal conduction effect. Nield et al. [14]
mated as aunit-channeland inside the resonant chamber extended the work of Nield et al. [12,13] by including lon-
the stack (or regenerator) consists of mamyjt-channels gitudinal conduction and viscous dissipation effects using a
The fluid dynamics of allnit-channelsnust be similar (ne-  modified Graetz methodology. Some other effects, for ex-
glecting resonant chamber waffects). Therefore, for sim-  ample, the effect of a localized heat source was studied by
plicity, we consider onanit-channefor the present inves-  Hadim [15], Sun et al. [16], and Cui [17]; the effect of local
tigation. Kaviany [6] presented an analytical solution to the thermal non-equilibrium was by Nield [18] and Nield and
transport equations based on the Brinkman-extended DarcyKuznetsov [19]; and, the effect of non-Newtonian fluid flow
flow model. For an isothermal boundary condition, Kaviany was studied by Chen and Hadim [20].
[6] reported an increasing Nusselt number with increasing  The foregoing discussions that deal with the forced con-
porous media shape parameter./s/Da) for fully devel- vection problem at different flow-thermal situations and
oped flow. Assuming a boundary layer type developed flow, boundary conditions in porous channels are very much re-
Vafai and Kim [7] presented a closed form solution to the stricted to First-Law (of thermodynamics) analyses. None
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of the above works performed a Second-Law based analysisequation. The non-dimensional governing equations can be
to determine the nature of the irreversibility in terms of en- written as
tropy generation. For a real system the generated entropy isy,, 5,

proportional to the destroyed exergy (Bejan [21]). Exergyis 3+ P 0 (1)
always destroyed, partially or totally: this is a consequence 5 5

of the Second-Law of thermodynamics. The destroyed ex- ua_“ + Ua_” __o 1 (8_” + 8_”) 1 u  (2)
ergy or the generated entropy is responsible for the less-than- dx 9y dx  Re\dx? = 9y2 ReDa
theoretical maximum thermodynamic efficiency of a system. gv v ap 1 [/0% 0% 1

Through exergy accounting in smaller and smaller subsys-“3; © Yoy T oy F@(ﬁ + a_y2> “repy ©
tems (total system> components> elemental surfaces- 2 2

differential levels, etc.), we are able to draw a map of how ME + UE = ! <8 © + 9 @>

the destruction of exergy is distributed over the engineer- 9% dy  RePr\ox? = 9y?

ing system of interest (Bejan [22]). In this way we are able + Ec (uz + vz) (4)
to pinpoint the components and mechanisms (processes) that ReDa

destroy the most exergy. This knowledge offers a real advan-In Egs. (1) to (4), the different variables and non-dimensional
tage in the search to improve system efficiency, because itnumbers are defined as

tells us from the start how to allocate engineering effort and x* y* u* o*

resources. The exergy-based method is fundamentally differ-x = —, y=—, u=—, vV=—
.. w w uo uo

ent from the traditional, much more popular, energy-based . "

techniques (Bejan et al. [23]), used for analysis in the heat , — p 5 O=—_"¢

transfer community. One attribute of an exergy-based analy- puy Th =T

sis is that it makes it possible to compare on a common basis o p WU Da— K

(entropy generation platform) different interactions (inputs, Toon w2

outputs, work transfer, heat transfer, etc.) in a system thus 2

enabling a minimization of the global entropy generation Ec= , Pr=—= (5)

CpAT ky

rate (entropy generation minimization or EGM).
In the view of the above, this study examines the flow, Egs. (1)—(4) are non-linear in nature and analytical solutions
thermal, and entropy generation fields inside a parallel- are not possible to these equations. However, with some re-
plate porous channel when subjected to differentially heated strictions, a simplification is possible for Egs. (1)—(4) and
isothermal walls. The governing flow and energy equations in that situation a closed from of solutions are possible. In
are first simplified and solved to obtain analytical solutions the next sections, analytical solutions are presented for the
that include viscous dissipation effects. A numerical simula- simplified equations. Results @lied by numerical calcula-
tion is also conducted using a control volume approach. Thetion for the full equations are given in a later sections. The
resulting velocity and temperature profiles, Nusselt number, description of the numerical methodology used is given in
entropy generation rate, drBejan numbers’ variation are  Mahmud et al. [26] and is not repeated here.
investigated as a function of Darcy number.

3. Flow and thermal field
2. Mathematical formulation ] ) ) ] o
In this section, our primary goal is to select a situation
. . . where an analytical solution jgossible. Therefore, we ex-
The analysis is carried out for a steady-state, incompress- : . . '
clude the inlet and exit regions from our analysis and fo-

|_ble, tvx_/o-dlmensmnal flow W'tr."n a p_arallel-plate c_hannel cus on the portion of the channel where flow and thermal
filled with a homogeneous and isotropic porous medium, and

heated with uniform wall temperatures. The porous medium A
is saturated with a single phase Newtonian fluid and is as- y
sumed to be in local thermodynamic equilibrium with the

fluid. The thermophysical properties of the solid matrix and

of the fluid are assumed to be constant. Although for cer-

tain porous media such as packed beds the porosity may——
vary due to channeling near the walls (Vafai and Kim [24]),

in the present study, a fibrous or wire-mesh-metal material

is considered such that the porosity and permeability are
assumed to be constant even close to the walls (Hunt and

Tien [25]). Natural convection and thermal radiation effects

are neglected. Viscous dissipation is included in the energy Fig. 1. Schematic diagram of the problem.
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fields are hydrodynamically and thermally developed. For 10’
the steady-state hydrodynamically developed situation we
have unidirectional flow in the*-direction between imper-
meable boundaries at = w andy™ = —w, as illustrated in
Fig. 1. The unidirectional flow assumption implias= 0,

and with the help of continuity equation, that thia:/ox’

term will be zero. Based on these assumptions and simplifi-
cations, the axial momentum equation reduces to =

u 1 ap
. 4 uyu=-R 1
5y2 " Da" e(ax) © 10

whereDa andReare the Darcy and Reynolds numbers, re-
spectively. The general solution to Eqg. (6) is

ap
u—Clsmh( )+Czcos>'( > DaR e<—) (7) 10°
vDa VD dx 10° 107 10" 10° 100 10* 10°

whereC1 andC; are two constants of integration. Applying Da
the boundary conditions: (a) no slip, i.e(y =1) =0 or
u(y =—1) =0 and (b) symmetry, i.e(du/dy),—0 =0, the
final expression for velocity becomes

®=1.54033xDa" "

I

®=2.95+1.1539xDa’

Fig. 2. Variation of® as a function of Darcy number.

relationship in a less accurate manx&i7%) for the range
Da Re< ap) [1 cosf(y/\/_a)} © 103 < Da< 10*

! ax cosh(1/+/Da &g =ay+azDag + a3Da§ + (14Daé)3 + alDaé1 (11)

Therefore, the fully developed axial velocity depends on the \where

Darcy numbe(Da), Reynolds numbe(Re), and axial pres-

sure gradientdp/dx). Darcy number(Da) is a measure ~ Po=10g;o(®),  Dap=10g;o(Da)

of the relative permeability of the porous media and is fre- 4; = 0.6286371 a» = —0.34693803

qguently found in problems that include a non-Darcy model 45 = 0118506167 4 — —0.0090305076

for the porous media. In the limit of a very large Darcy num- == 4 '

ber(Da— o), the expression of velocity (Eq. (8)) reduces 45 = —0.006993169

to An alternate, non-dimensional, way of expressing the veloc-
1 d ity is
Uoo = lim (u) = ——Re(—p> (1 - y2) 9) y
Da—oco 2 \ox gt coshy/+/Da) — cosh(1/+/Da) 12
which is similar to the expression obtained in plane Pois- = ~ u,,  /Dasinh(1/+/Da) — cosh’l/~/Da) (12)

euille flow [27]. The expression for average velocity is Eq. (12) free from any influence @b and is a function of

ap sinh(1/+/Da) Darcy number only. Based on the same assumptions already
uay=—Da RE( 9x ) [ cosi{l/«/_a)} (10) used in this work, the simplified form of the energy equation
Usually, in this type of flow situation, the pressure gradient (Ea. (4)1s
term is a constant which means that pressure varies Ilnearlya e EC_Pruz -0 (13)
along the axial distance of ¢hchannel. Numerical calcu-  9y?2 Da
lations show that the product &feanddp/dx is approxi-  hereEcandPr are the Eckert and Prandtl numbers, respec-

mately constant foba greater than 3.0 as long as the flow is  tiely. This simplified form of the energy equation (Eq. (13))
laminar. Expressing the product Beanddp/ox as anew  expresses a balance between two possible effects: transverse
parameter, the behavior ofp as a function of Darcy num-  conduction and viscous dissipation. The modeling of the vis-

ber is shown in Fig. 2. Foba < 0.3, the magnitude o cous dissipation term is a controversial issue. Nield [28]
drops linearly on a log-log plot with increasiBg. A power  argued that the viscous dissipation term should remain to the
curve, defined by the relatioh = 1.54033x Da~ 993327 is power of the drag force when the Brinkman equation is con-
best suited for describing the — Da behavior forDa < 0.3. sidered, and in that case the dimensional viscous dissipation
For Da > 3.0, @ changes less than 0.1% with increasing term becomes

Darcy number as it asymptotes to 2.95. For the small range ()2 92+

of Darcy number, B < Da < 3.0, the hyperbolic fit de-  viscous dissipatios: rU7 et u2 (14)
fined by the relation® = 2.95+ 1.1539x Da~*, works K ay*

well (maximum error is 1%). Alternatively, the following  On the other hand, Al-Hadhrami et al. [29] proposed an al-
fourth order polynomial is valid for describing tl#e — Da ternate expression for the viscous dissipation term derived
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from the Navier—Stokes equation for a fluid clear of solid The modified Nusselt number is a function of Darcy number
material in the case of large Darcy number; and in this caseonly.
the expression becomes

%2 %\ 2
. S ad
viscous dissipatios M(;l( ) + “(3;) (15) 4. Entropy generation
However, in this paper, we consider only the first term of e convection process in a channel is inherently irre-
Egs. (14) or (15) similar to Bejan [30] in order to make the \ersiple. Non-equilibrium conditions arise due to the ex-
analysis simple. Plans are to include Egs. (14) and (15) in achange of energy and momentum within the fluid and at

later work. The general solution to Eq. (13) is then the solid boundaries. This causes continuous entropy gen-

o —EcPrDach[y—z ~ 2Dacoshy/+/Da) Eration. O?e port:]on dqf thi_s entfrc;p){ production is due ég
2 cost(1/v/Da) eat transfer in the direction of finite temperature gradi-
’ ents. Finite temperature difference heat transfer irreversibly
Dacosit(y/vDa) +y } is common in all types of thermal engineering applications.
4cosk(1/4/Da) Another portion of the entropy production arises due to fluid
+ C3y+Cy (16) friction irreversibility. For2-D flow though a porous chan-

nel, the dimensionless form of entropy generation (Tasnim

Applying the boundary condiths: (a) isothermal hot wall, et al. [31]) is given by

i.e.,®(y =1) =1 and (b) isothermal cold wall, i.eq (y =

—1) =0, the integration constant§z andC4, become N 960\ 2 30\ 2
Cs= } n ax ay
2 2 2 2
Br ou ov u v
1 _ 7Dba 1 +n—|2( =) +2( =) +|—+—
Cs = EcPrDag? ———+—i| 17 [
4 [2 4 " 4cosR(1/v/Da) an $2 Baf 9y oy 9x
- r
In the limit of a very large Darcy numbéba — o), the +(1—n)—(u®+1?) (23)
expression for dimensionless temperature (Eg. (16)) reduces §2
to whereNs Br, Br*, and {2 are entropy generation number,
) 1 Brinkman number, modified Brinkman number, and dimen-
O = lim (@) =51+y) (18)  sionless temperature difference, respectively. These parame-

which is linear and therefore a conduction like temperature ters are defined by

g:::nbmwn. Using the following definition of Nusselt num- N % . kf(AT)Z

) 2 2
hw w T L) So wg
N=2=(—2 )2 22 (19) Br AT
ky Thot — Teold /) dy* ly==w  dy ly=1 Br=EcPr, Bri=—, Q=— (24)
and using Egs. (16), (17) and (19), an expression for Nusselt vDa 0
number is obtained in the following form The indexn in Eq. (23) is set equal to 1 for a non-Darcy
3/Da 1 model of the porous media. For a channel with a porous me-
Nu= —EcPr Daqﬁz[ tanl—( > dia that obeys Darcy’s modelis set equal to 0. Using the
2 vDa same assumptions already used to simplify the momentum
_ }secﬁ< 1 > _ 1} + 1 (20) and energy equations, the simplified version of the entropy
2 ~/Da 2 generation equation is
Eq. (20) is a function of Eckert number, Prandtl number, 2 2 "
- 1o} Br [ du Bre ,
Darcy number, and. In the limit of very large Darcy num-  Ns=(— ) +n—(—) +1—n)—u (25)
ber(Da— o0), Eg. (20) simplifies to a value 0.5; dy 2 \dy §2

By substituting Egs. (8) and (16) into Eq. (25), the expres-
sion for entropy generation number becomes

3sinhaoy) 1 } 1}2

— _l’_ —
™ 2apcostiag) | 2 cosi(ag)) 2
GgBrag sintP(agy)

Nuy = DIim (Nu) = % (22)

a— 00

equivalent toNuy,, thereforeNu,, can be used to define a
modified Nusselt numbe&Nu*) in the following form

The trailing constant term of/2 in the expression faXuis
Ns= |:—GT{

Nu — Nus 3vDa 1 +
U = = = —Da[ > tank<m> " 2 cosf(ao)
1 1 ,Br* coshaoy) | 2
— 5 sec <E) —1} (22) T Ad=mGig {1_m} 20)
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whereGy = EcPrDa®?, G, = Da®, ag = ﬁ. The en-
tropy generation numbe&NNs) is also a measure of the total

distance(y). Six different Darcy humbers are selected in-
cluding two limiting extremes, i.eDa — 0 andDa — oo.

irreversibility of a system. Heat transfer’s contribution to to- Results obtained from numerical calculation are also pre-
tal entropy generation rate can be measured by the Bejansented for the same range of Darcy number and shown by

numbernBe), which is a ratio of the heat transfer irreversibil-
ity (HTI) to the total entropy generation ra¢dls). The heat
transfer irreversibility can be calculated from

3sinhagy)
2ag coshag)

———i
2cosl(ag)) 2
In the limit of very large Darcy numbd&ba — o0), the ex-

pression for entropy generation numlglsis) reduces to the
following forms:

HTI = [—EcPrDaqbz{y

(27)

Br*@? 1
n So=—"75 (1-y +y)+4
Br 1
n So= 5Py + (28)

Also for Da— oo, the Bejan number reduces to the follow-
ing forms:

*

Br 20y o2 a]
5 %1 2y+y)i|

n=0: B%o=|:1+

Br , ,\ '
n=1 Begx= 1+4§q5 y (29)
5. Resultsand discussion
5.1. Flow field

The dimensionless form of the velocity (Eq. (12)) is

square symbols in Fig. 3. For a negligible Darcy number
(Da— 0), the velocity profile is independent of the trans-
verse distance and slip flow occurs at the walls. Several
authors have obtained the slip flow solution before, for ex-
ample, Nield and Kuznetsov [19]. However, an increasing
Darcy number increases the permeability inside the chan-
nel, thus leading to a non-linear distribution of velocity as
shown in Fig. 3. A high near wall velocity gradient and
flat velocity distribution around the centerline of the chan-
nel characterize the flow fddba = 0.01. The flatness of the
velocity profile diminishes with increasing Darcy number.
WhenDa approaches a very large val(®a — o), the ve-
locity profile approaches a shape similar to that seen in plane
Poiseuille flow (White [27]). Recall from Eqg. (12) that Darcy
number alone controls the shape of the velocity profile. With
the flat portion of the velocity profile extending further to-
wards the solid wall aBa decreases, shorter entrance length
is expected aPa decreases. In effect, the boundary layer
thickness decreasesa decreases.

5.2. Thermal filed

Fig. 4(a) and (b) show the dimensionless temperattie
distribution as a function of transverse distarneg for dif-
ferent Darcy numbers. Again, square symbols represent the
corresponding values @ obtained from numerical calcu-
lation. The numerical calculaths considered three different
forms of the energy equation: an energy equation with (a)
conduction and dissipation terms (case 1), (b) conduction,
convection, and dissipation terms (case 2), and (c) conduc-
tion and convection terms (case 3). These three cases are
considered with the intention to find a modified form of

plotted in Fig. 3 as a function of dimensionless transverse Eq. (4) that can generate temperature data close to the an-

1.5

1.2

TTTTTTT

o Numerical result

S I A A |
-1 -0.5 0 0.5 1
y

Fig. 3. Velocity as a function of transverse distance at diffeBant

alytical solution (Eq. (16)). Tale 1 compares the analytical
results (Eg. (16)) with the numerical results from the three
energy equation cases at nine selected locations fafr
Da= 1.0 and 0.1. Numerical data obtained in cases 2 and 3
show close agreement with the analytical data. The numeri-
cal results for case 2 is plotted in Fig. 4(a) and (b) along with
the analytical results.

The simplified energy equation (Eq. (13)) expresses a bal-
ance between transverse conduction and viscous dissipation.
In the limit of negligible Brinkman numbe= Ec x Pr) or
very large Darcy numbeDa), the viscous dissipation effect
is negligible. In such limiting cases, the simplified energy
equation reduces to a conduction equation as evidenced by
the almost linear temperature profile observe®at= 10.
Alternatively viscous dissipation effects increase with de-
creasingDa, and correspondingly local fluid temperatures
are seen to increase. Viscous dissipation provides a ther-
mal energy (heat) source downstream (unlike the heat flux at
the walls, which is subject to a constant-temperature bound-
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Temperature distribution &a = 1, for case 1: analytical solution, case 2: numerical solutiith @issipation only, case 3: numerical solution with dissipation
and convection, and case 4: numerical solution with convection only

Da=1.0

Dimensionless temperatu(®) at
y= -10 —0.75 —0.50 —0.25 0.0 0.25 0.50 0.75 1.0
Case 1 D000 04065 07840 10862 12751 13362 12840 11564 10000
Case 2 D000 04135 07973 11040 12944 13540 12974 11635 10000
Case 3 0000 04135 07972 11040 12944 13540 12973 11635 10000
Case 4 D000 01250 02500 03750 05000 06250 Q7500 08750 10000
Da=0.1

Dimensionless temperatut®) at
y= -10 —0.75 —0.50 —0.25 0.0 0.25 0.50 0.75 1.0
Case 1 D000 27969 52194 68691 75243 71191 57194 35469 10000
Case 2 D000 28527 53227 70047 76711 72548 58232 36026 10000
Case 3 D000 28526 53226 70045 76709 72547 58231 36026 10000
Case 4 D000 01250 02500 03750 05000 06250 Q7500 08750 10000

2.5 Analytical ary condition, which decays downstream) and thus changes
o Nitmnetioal the nature of the fully developed temperature distribution.

50
:_ — Analytical

40: 5‘* o Nﬁﬁnﬁﬁil
-7

®30F &

20
- Da=0.05

10F Da=0.1

0 AN N O T T T
-1 -0.5 0 0.5

y

(b)

Fig. 4. (a) Temperature as a functioht@nsverse distance at differebg,
(b) temperature as a function of transverse distance at différant

A decrease in Darcy number motluces a nonlinearity into
the temperature profile as illustrated in Fig. 4(a) and (b);
the lower the value of the Darcy number, the higher the
non-linear viscous effect in th&—y profile. The location

(y = yo) of the maximum temperature inside the channel is
important. As seen later, no entropy generation (HTI) occurs
at the maximum temperature location since the temperature
gradient is zer@gd®/dy = 0). At low Darcy number th&—

y reveals that thermal energy (heat) is transferred to both the
hot and cold plates.

5.3. Heat transfer

Heat transfer is calculated in the form of a dimensionless
Nusselt numbeKNu) using Eqg. (20). Theb—-Da correla-
tions given in Fig. 2 are used to calculatein Eg. (20).
For three selected values of Brinkman numkec ¢ Pr =
0.1, 1.0, and 10), Nusselt number is plotted in Fig. 5 as a
function of Darcy number for the range 19< Da < 10°.
Three distinct zones are identified in tNe—Da profiles. In
the first zone, where Darcy number is small, Nusselt num-
ber decreases linearly (on a log—log plot) with increasing
Darcy number. For high Darcy numbers, Nusselt number
(Nu) shows an asymptotic behavior for all three Brinkman
numbers considered such thHdtl approache®Nu,, in this
zone.Nu asymptotes tdNu,, sooner (at lower value dba)
the smaller the Brinkman number. Between these two zones
is a transition zone where thdu-Da profile displays its
only non-linear behavior. In the first and transition zones,
the magnitude of the Nusselt number is higher for higher
Brinkman number at a constant Darcy number.

For Ec x Pr =1, Nusselt numbers are calculated using
numerical simulation at six selected values of Darcy num-
bers. These numerical values are compared with the ana-
lytically obtained Nusselt numbers in Fig. 5 and Table 2.
The agreement between the nemcal and analytical Nus-
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selt numbers is good. The modified Nusselt numidés*) Nu*—Da profile on a linear-logarithmic plot is Gaussian dis-
defined by Eq. (22) is plotted in Fig. 6 as a function of Darcy tribution like, therefore it can be expressed in a simple way
number. At a very low or high permeability (i.2a— 0 or as follows
Da — o0) of the porous media, the modified Nusselt num- (Da* — by)2
ber shows asymptotic behavior as illustrated in Fig. 6. Note Nu* = by eXp[—T}
that the peak of th&lu*—Da profile, which occurs approx- 3
imately atDa ~ 0.4, does not correspond to a heat transfer where Da* = log;y(Da), b1 = 0.08129717, by =
maximum,; the physical meaning &fu should not be con-  —0.39222124 b3 = 0.69422222. Eq. (30) is a compara-
fused withNu*. tively simpler expression when compared with Eq. (22).
Observe that a single curve (Fig. 6) illustrates the heat
transfer characteristics of multivariable problem. This

(30)

5.4. Entropy generation

104':5:, In the case of an irreversibility analysis there are a large
- » EcxPr=10.0 number of parameters to vary, and the calculations are time
3 -DK 4 EcxPr=1.0 consuming. We have the ability to calculate the entropy gen-
100 . . EcxPr=0.1 eration and Bejan number fields for different combinations
8 o + Numen'c;il of the parameters considered in this paper, but in the interest
5[ \ of brevity we just present limitbcases of local entropy gen-
10 E i eration and Bejan number distributions. In a later section we
2 :"K a focus on their global, or average, distributions. For the spe-
i cial case oDa=1.0,Ecx Pr=1, andn = 1, entropy gen-
10 - v a eration numbe¢Ns) is plotted in Fig. 7 as a function of trans-
E ¥y, D”qq% verse distancéy) for different group parameter®r/$2).
10°L vv%\ ay - The group parameter is an important dimensionless number
g Tl o ool for entropy generation analysis. It determines the relative
E | importance of viscous effects to temperature gradient en-
107! tropy generation. Entropy generation profile is asymmetric
10° 10° 10" 10° 10" 100 10° about the centerline of the channel due to the asymmetric
Da temperature distribution. For all group parameters, each wall

Fig. 5. Nusselt number as function of Darcy number at diffeBmt
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Fig. 6. Modified Nusselt number as a functiond.

acts as a strong concentrator of irreversibility because of the
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Fig. 7. Entropy generation number as a functionyoét different group
parameters.

Table 2

Comparison of analytical and numerical values of Nusselt number at different Darcy n(gtbePr = 1.0)

Da 001 005 01 05 1 10
NUanalytical 10335 22119 11587 28083 16643 06199
NUnumerical 99.936 21213 11098 26823 15849 05828




S. Mahmud, R.A. Fraser / International Journal of Thermal Sciences 44 (2005) 21-32 29

1
2,
SR
0.8 2,
0.6
]
M
0.4
0.2
Br/Q=1.0 Lo
0||||I||||I| 0||||I||||I|
- -0.5 -1 -0.5 0 0.5 1
y
Fig. 8. Bejan number as a function pfat different group parameters. Fig. 9. Bejan number as a function pfat differentDa.

high near-wall gradients of l&city and temperature. Max-
imum entropy generation ocainear the cold wall for all 10°

group parameters. Fluid friction irreversibility is zero at the ;
channel centerlinéy = 0) due to the zero velocity gradient

(0u/dy). Also entropy generation numbe@Xs) is indepen-

Br/Q=1.0

. EcxPr=10.0
dent of group parameter at= 0. Therefore, the magnitude Ezipgllo
of entropy generation rate is same at the centerline of the EcxPr=0.1

channel for all group parameters. Minimum entropy gener- EexPr=0.0

ation rates occur very near wheethe temperature gradient
is zero. Except apy = 0, the magnitude ofsis higher for
higher values of the group parameter for a given location

5.5. Heat transfer irreversibility (HTI)

The transverse variation in heat transfer irreversibility in

terms of Bejan numbe(Be) is shown in Fig. 8 at six se- 10" cod v ool vl vl vl vl
lected group parameters. Br/$2 = 0, the contribution of 10° 102 107" 10° 10" 10®° 10°
fluid friction irreversibility to overall entropy generation is Da

absent, thus resulting in an invariant distribution of Bejan
number with respect tp. Bejan number shows its maximum
value(= 1.0) for all y whenBr/£2 = 0. A nonzero, positive
value of group parameter dramatically changes the shape of

the Be—y profile. From the cold wally = —1) to the chan- _ ) )

nel centerling(y = 0), the velocity gradient decreases, and 0 the cold wall, (c) thg Ioc_at|on of the idle point of temper-
the fluid friction irreversibility contributes less to overall ~ature entropy generation is closer to the hot wall, etc. As a
entropy generation. Therefore, the Bejan number increasedesult, the Bejan number increases from its minimum value
towards the channel centerline from the cold wall. Bejan With increasingy, shows a second maximum, and then de-
number shows its maximum val@Be= 1.0) aty = 0 where creases towards the hot wall of the channel. Excepta0

there is no entropy generation due to fluid friction. Next, for andy = 0.25, an increase in group parameter strengthens the

Fig. 10. Average entropy gersion number as a function &fa at different
Brinkman numbers.

a small range of transverse distarife< y < 0.25), the Be- effect of fluid friction irreversibility, therefore, resulting in a
jan number rapidly drops to its minimum valgBe = 0.0) lower magnitude Bejan number at a given

where the temperature gradient is zero (i.e., no contribu- The effect of Darcy number on HTI is shown in Fig. 9.
tion from HTI). Several factors influence tige-y profile TheBe-y profile is similar in shape to that seen in Fig. 8, and
from the temperature maximuiy = 0.25) to the hot wall the same discussion is valid for the profiles given in Fig. 9.

(y = 1): (a) a lower magnitude temperature gradient exists An increase in Darcy number strengthens the effect of fluid
near the hot wall than the cold wall, (b) a higher velocity friction irreversibility, therefore, resulting in a lower magni-
gradient exists near the hot wall than the centerline, similar tude Bejan number at a given
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5.6. Average entropy generation
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2 2
. u—+v
E, = pv
Y '0( 2

where the stress componends,, o,,, oxy, andoy, are be
defined as

oT
+ C,,T) - ka — (uoxy +voyy) (32)

21 28u ov
Oxyx = —|2— — —
T3 [ Tax ay
21 281) ou
WEZ %y T o
du  dv
Oxy =Oyx = M[@ + Ei| (33)

The magnitude of theenergy flux density vectos the
amount of energy passing, in unit time, through a unit area
perpendicular to the direction of fluid velocity (Landau and
Lifshitz [32]). At any particular space location (for example,
P(x0. y0)) inside the channek of that location is tangent

to the energy streamline passing through the pBitxy, yo).

The energy streamline should not be confused with the heat-
line (Bejan [2]) which is a graphical way to interpret the heat
function (the concept of heat function uses thermal diffusion
and enthalpy flow together with some mathematical opera-
tions [2]). A 2-D channel of aspect ratio 15 (leng#tidth)

From the expression for entropy generation number is chosen to show the characteristics of the energy stream-
(Eg. (26)), the volume averaged entropy generation rate canline. The choice of an aspectti@ of 15 is arbitrary. The

be evaluated as follows:

1 1

v .y X

(31)

whereV is the volume of the channel. The volume integral
(Eg. (31)) reduces to a line integral for the analytical solu-

tion. For a selected range of Brinkman number, the average
entropy generation number is plotted in Fig. 10 as a function
of Darcy number for a constant group parameter. The aver-
age entropy generation number reveals a distribution similar

to the Nusselt number distribution illustrated in Fig. 5. De-

pending on the value of Darcy number, three distinct zones

(i.e., linear, non-linear, and asymptotic) exist in te,~Da
profiles as in theNu-Da profiles. Except in the asymptotic
zone,Nsyy increases with increases in Brinkman number at
constant Darcy number. Fd&c x Pr = 1 the variation of
Nsyv with Da is given in Fig. 11 for seven selected group
parameters where thés,—Da profiles are again character-
ized by three distinct zones. FDa < 0.1 varying the group
parameter does not influence g, distribution. The mag-

nitude of the average entropy generation rate is higher for
higher values of group parameter at the asymptotic zone il-

lustrates in Fig. 11.

5.7. Energy streamline tracking

To understand the energy transport mechanisms inside th

channel, according to Landau and Lifshitz [32], #reergy
flux density vectofE = E,i + E, j) is calculated as follows:

2 2
. uc+v
Exzpu<

oT
+ CPT> — ka — U0y +v0yyx)

e

resulting energy streamline is presented in Fig. 12(a)—(e) for
four selected Darcy numbers. Ba= 0.001 (Fig. 12(a)) the
channel inlet acts as an energy ‘source’. Energy flows from
the inlet to the top and bottom walls with each wall behav-
ing similar to a ‘sink’ of energy. A very low permeability

is responsible for a very high dissipation of energy inside
the channel, thus causing a rise in the fluid temperature and
hence the thermal energy. Low permeability is also responsi-
ble for a slower motion of the fluid resulting in a reduction in
kinetic energy. Increasing amounts of energy leave the chan-
nel via the walls at loweba; the maximum in Fig. 12 being

for the lowestDa shown(Da = 0.001).

The energy streamline at= 0 for Da = 0.001 passes
through the channel effectively without perturbation. This
mid-streamline of energy divides the channel into two sym-
metrical parts having similar energy streamline distribution
patterns, even though the temperatures at the top and bottom
walls are not equal.

An asymmetric energy streamline distribution is seen at
Da = 0.01 (Fig. 12(b)) with energy streamlines being per-
turbed a little near the inlet section of the channel. This
near inlet perturbation of thenergy streamline increases
with increasingDa. At Da = 1.0 (Fig. 12(c)), part of the
hot wall acts as an energy source. Two effects are significant
at this Darcy number: compatively (a) a high permeabil-
ity of the porous media and (b) a low dissipation rate. Near
the inlet section, where both the velocity and temperature
distributions are developing, thermal energy transfers from
the initial portion of the hot wall to the fluids. The magni-
tude of the velocity increases along the axial direction in
the developing region, thus resulting in an increase in ki-
netic energy. At the same time thermal energy increases by
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Fig. 12. Distribution of energy streamlines at (&)a = 0.001,

(b) Da = 0.01, (c) Da= 1.0, (d) Da = 1000, and (e) magnified view of
the upper portion of Fig. 12(d).

viscous dissipation inside the channel. Increasing kinetic en-
ergy and thermal energy strengthens the energy source inside
the media, therefore forcing the energy streamlines towards
the hot wall further downstream. For the hot wall, the loca-
tion x = 14.6 acts as a neutral point dividing the hot wall
into a source and a sink. In contrast, the behavior of the bot-
tom wall remains unchanged. As Darcy number increases,
the neutral point moves to the right, thus shortening the sink-
length at the hot wall until the entire top hot wall behaves as
an energy source. It is difficult to determine the exact value
of Darcy number that locates the neutral point at the outlet
of the channel, thus it is left for future work.

Fig. 12(d) shows the energy streamlines B = 1000.
A magnified view of the upper portion of the channel is
shown in Fig. 12(e). Théarrier (heavy solid line without
an arrow) is a special energy streamline that originates at the
intersection of the inlet and the hot wall. All energy stream-
lines between the barrier and hot wall originate from the hot
wall (the hot wall acts as an energy source along it entire
length atDa = 1000), and then merge with the barrier, leav-
ing the channel following the path of the barrier. For these
energy streamlines the barrier is simplyemergy corridor
A significant portion of energy streamlines at the bottom of
the barrier shows the similar characteristics of leaving the
channel.

5.8. Madifications required for thermoacoustic problem

Section 5.7 completes our analyses of porous stack in
the steady-state limit. To modify the present problem to
a thermoacoustic problem, the unsteady teréagdr and
dv/dt, should be added to themomentum (Eqg. (2)) and
y-momentum (Eq. (3)) equations, respectively. The energy
equation should be modified by adding the following terms:
a0 /9t and Dp/ Dz, respectively. A standard perturbation
expansion [3,4] is required in order to generate the governing
equations for small-amplitude thermoacoustic variables (ve-
locity, temperature, etc.). The wave equation should be mod-
eled using the continuity and momentum equations in order
to provide an expression for pressure. Once the solutions
for velocity, temperature, and pressure are available, one can
calculate Nusselt number, entropy generation number, Bejan
number, and energy flux density using the appropriate equa-
tions given in this paper. The non-porous thermoacoustic
formulation for a single plate and channel by Mahmud and
Fraser [33,34] gives a good sense of the scope of understand-
ing the complicated thermoacoustic problems’ modeling.

6. Conclusions

Darcy number is an important dimensionless parameter
for the present study as it represents a relative measure of the
permeability of the porous media studied. For two limiting
cases of Darcy numbdba — 0 andDa — oo, the velocity
profile approaches a slug-flow profile and a plane Poiseuille
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flow profile, respectively. For intermediate values of Darcy [11] A. Nakayama, H. Koyama, F. Kuwahara, Analysis on forced convec-
number, velocity profiles are characterized by a high near tion in a channel filled with a Brinkman-Darcy porous medium: Exact
wall velocity gradient and a flat profile near the center of and approximate solutions, Heat Mass Transfer 23 (1988) 291-295.

. [12] D.A. Nield, A.V. Kuznetsov, MXiong, Thermally developing forced
the channel. Both the flatness of the prof|le near the center convection in a porous medium: parallel plate channel or circular tube

and the velocity gradient n_eme wall decrease with increaS' with walls at constant temperature, J. Porous Media 7 (2004) 19-27.
ing Darcy number. For high Darcy number, a conduction [13] D.A. Nield, A.V. Kuznetsov, MXiong, Thermally developing forced
like temperature profile is obtained. However, for moder- convection in a porous medium: parallel plate channel or circular tube

ate and low Darcy numbers, the fluid inside the channel is with walls at constant heat flux, J. Porous Media 6 (2003) 203-212.
heated by viscous dissipation consequently a non-linear diS_[14] D.A. Nield, A.V. Kuznetsov, MXiong, Thermally developing forced

ibuti : . b convection in a porous medium: Parallel plate channel with walls at
tribution in temperature is observed. Both Nusselt number uniform temperature, with axial conduction and viscous dissipation

and average entropy generation number show similar distri- effects, Internat. J. Heat Mass Transfer 46 (2003) 643—651.
bution characteristics. At low Darcy numbeXs and Ns;y [15] A. Hadim, Forced convection in a porous channel with localized heat
reveal a linear variation witla on a log—log plot. Next, a sources, J. Heat Transfer 116 (1994) 465-472.

non-linear variation oNu andNs.y, with Da is observed at [16] H.J. Sun, S.Y. Kim, J.M. Hyun, Forced convection from an isolated
v heat source in a channel with porous medium, Internat. J. Heat Fluid

mod_erate Darcy numbers followed by asymptotic behavior Flow 16 (1995) 527—535.

at high Darcy numbers. The value of Darcy number, where [17] c. Cui, X.Y. Huang, C.Y. Liu, Forced convection in a porous channel

an asymptotic behavior du andNsgy starts, is sensitive to with discrete heat sources, J. Heat Transfer 123 (2001) 404—407.

the magnitude of Brinkman numb&c x Pr) with asymp- [18] DA Nield, Effepts of local thermal nonequﬁlibrium in steady COT:IVEC.-

totic behavior starting earlier for smaller Brinkman number. tive processes in a satu_rated porous medium: Forced convection in a
. . . channel, J. Porous Media 1 (1998) 181-186.

For some SpeCIal cases, analytical results of V_eIOC|ty’ tem- [19] D.A. Nield, A.V. Kuznetsov, Local thermal nonequilibrium effects in

perature, and Nusselt number are compared with the results  forced convection in a porous medium channel: A conjugate problem,

obtained from numerical simulation. For each case, good Internat. J. Heat Mass Transfer 42 (1999) 3245-3252.

agreement between anabal and numerical results is ob- [20] G. Chen, H.A. Hadim, Forced convection of a power-law fluid in a

tained. For all Darcy numbers the cold wall act as an energy rz)grlo;sz;hannel—numerical solutions, Heat Mass Transfer 34 (1998)

sink whereas the hot wall behaves as an energy source af21] A. Bejan, Entropy Generation Minimization, CRC Press, New York,

small Darcy numbers. However, at moderate Darcy numbers, 1996,

the hot wall acts as a combination of an energy source and ar{22] A. Bejan, Fundamental of exergnalysis, entropy generation mini-

energy sink, with the dividing neutral point moving towards mization, and the generation of flow architecture, Internat. J. Energy

the outlet of the channel with increasibg. Res. 26 (2002) 545-565.
[23] A. Bejan, G. Tsatsaronis, M. Moran, Thermal Design and Optimiza-

tion, Wiley, New York, 1996.
[24] K. Vafai, C.L. Kim, Analysis of surface enhancement by a porous sub-
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